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The effective action and quantum gauge transformations
S. Alexandrov∗
Department of Theoretical Physics, St.Petersburg University,198904 St.Petersburg, Russia
The local symmetry transformations of the quantum effective action for general
gauge theory are found. Additional symmetries arise under consideration of back-
ground gauges. Together with ”trivial” gauge transformations, vanishing on mass
shell, they can be used for construction simple gauge generators. For example, for the
Yang–Mills theory the classically invariant effective action is obtained, reproducing
DeWitt’s result. For rank one theories a natural generalization is proposed.
I. INTRODUCTION
The concept of symmetry was and remains a very powerful tool for construction of the quantum field
theory. One of its main virtues is that the symmetry restricts a form of the action, which lies in the
ground of the theory. Consequences of the classical symmetry play a crucial role for renormalizability
of the quantum theory. And in the investigation of this problem the effective action takes a very
important place [1]. Besides it is the only quantum object in which the symmetry should be reflected
by the same way as in the classical action also restricting the number of available structures. So it is
natural to find this quantum realization of the symmetry, i.e. the symmetry transformations of the
effective action, in an explicit form.
One of first steps in this direction was done by DeWitt in his construction of the classically gauge
invariant effective action for the Yang–Mills theory [2]. This work gave rise to the number of papers
devoted to this problem [3]. But all of them do not go beyond linear gauge transformations and
background gauges of the certain kind. This is a very strong limitation on the physical theory. As we
know the Hamiltonian forms of gravity, supersymmetry theories and many others require nonlinear
transformations. So an investigation of general gauge theories from the point of view of the quantum
gauge symmetry is needed.
The following break-through is connected with the concept of the effective average action or
Vilkovisky–DeWitt’s action [4]– [6]. Its gauge invariance and gauge independence are very attrac-
tive properties. However its actual construction in arbitrary gauge and for arbitrary gauge theory
is an enormously hard task because the connection on the frame bundle on the space–of–histories is
needed. Besides the effective average action is connected to the ordinary generating functional for the
one–particle–irreducible Green functions in a nontrivial way. So we simply bypass the subject and
consider the effective action constructed in the usual way as Legendre transformation.
The common approach to the symmetry properties of the effective action for general gauge theories is
investigation of the Ward identities (see for example [7], [8]). They are the reflection of the global BRST
symmetry which replaces the gauge symmetry in path integral quantization [9]. This symmetry plays
a leading role in quantization of general gauge theories being the basis for Hamiltonian BFV [10] and
Lagrangian BV [11] quantization schemes. Within these approaches global symmetry transformations
of the effective action, which are called quantum BRST transformations, can easily be found [12–15].
Here we are interested in their local counterparts which are realized on the physical fields only. Explicit
formulas for them, to our knowledge, are absent in the literature and our aim is to fill in this gap.
Besides we discuss the symmetry transformations in presence of background fields and apply the
obtained results to the rank one theory.
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Our consideration is based on the Hamiltonian form of BRST quantization. An alternative strategy
is to follow the BV formalism. Some remarks on this point are given in Sec.VI.
The paper is organized as follows. In Sec.II the BFV quantization is reviewed and for completeness
and to fix the notations the quantum BRST transformations are obtained. In the subsequent section
the gauge transformations of the effective action in terms of quantum averages are found and the
”trivial” transformations and the symmetry algebra are discussed. In Sec.IV it is shown that intro-
duction of background fields results in appearance of additional symmetries which can be combined
with initial ones. This is used in Sec.V to construct the symmetry, which is reduced to the classical
gauge transformations in the case of the Yang–Mills theory reproducing DeWitt’s result and gives a
generalization for nonlinear transformations. In the last section some problems and perspectives are
outlined.
Our condensed notations correspond to DeWitt’s ones introduced in [16]. This may lead to confusion
when they are applied, for example, in an expression for the classical action. In such cases all tensors
must be understood as local what results in locality of the whole expression. In this connection it is
convenient to extend the definition of the Poisson brackets on variables depending on different moments
of time. We demand {qs, pr} = δ
s
r , i.e. an unsimultaneous commutator vanishes. This provides locality
and keeps unity of the notations. All derivatives with respect to Grassmann variables are left and for
simplicity we restrict ourselves to the case of even classical fields only.
II. PRELIMINARIES
Let us survey the Hamiltonian BFV quantization following the review [17].
Consider a gauge theory with phase space variables zA = (qs, ps), Hamiltonian H0(q, p) and first
class constraints Gα. Let n
α be the Lagrange multipliers associated with the constraints Gα, and πα
be the canonically conjugate momenta. The action is given by
S(q, p, n) = q˙sps −H0 − n
αGα, (1)
whereas the gauge transformations are δϕa = Gaα(ϕ)ε
α, where ϕa = (qs, ps, n
α) and
G(z
A)
α = {z
A, Gα}, G
(nβ)
α = δ
β
α∂t + n
γCβαγ − V
β
α (2)
with Cγαβ , V
β
α defined through the relations {Gα, Gβ} = C
γ
αβGγ and {H0, Gα} = V
β
α Gβ . The extended
phase space is defined by introducing extra ghost and antighost fields (bα, c¯α, c
α, b¯α). obeying the
following nonvanishing antibrackets
{bα, c¯β}+ = −δ
α
β , {c
α, b¯β}+ = −δ
α
β .
cα, c¯α are real, whereas b
α, b¯α are imaginary. It is convenient to define an additional structure on
the extended phase space, that of ”ghost number”. This is done by attributing the following ghost
number to the canonical variables: cα, bα have ghost number one, c¯α, b¯α have ghost number minus
one. All other variables have ghost number zero.
On this space one can construct a BRST generator Ω and a BRST invariant Hamiltonian H . They
are determined by the following conditions:
(a) Ω is real and odd; (b) Ω has ghost number one; (c) Ω = −ibαπα+c
αGα+”higher ghost terms”;
(d) {Ω,Ω}+ = 0
(a) H is real and even; (b) H has ghost number zero; (c) H coincides with H0 up to higher ghost
terms; (d) {H,Ω} = 0
The BRST generator is fully defined by structure functions of the constraint algebra:
Ω = −ibαπα +
∑
n≥0
cαn+1 · · · cα1U
(n)β1···βn
α1···αn+1 b¯βn · · · b¯β1. (3)
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For n = 0 and n = 1 they are U
(0)
α = Gα, U
(1)γ
αβ = −
1
2C
γ
αβ . Higher order structure functions are
defined through repeated Poisson brackets of the constraints. The Hamiltonian H in the first orders
in ghosts has the form
H = H0 + c
αV βα b¯β + · · · . (4)
The quantization is based on the generating functional for the Green functions which is represented
in the form
Z[J ] = e
i
h¯
W (J) =
∫
Dψ′ e
i
h¯
(Seff (ψ
′)+Jiψ
′i), (5)
where
Seff = q˙
sps + n˙
απα + c˙
αb¯α + b˙
αc¯α −Heff , Heff = H − {Ψ,Ω}+. (6)
Here Ψ is an odd and imaginary function which has ghost number minus one and plays a role of gauge
fixing function, ψ = (ϕ, π, η = (c, b), η¯ = (c¯, b¯)). ϕa are just the physical fields of the theory. From
properties of H and Ω the invariance under the global BRST transformations follows: {Seff ,Ω} =
−
∫
dt d
dt
Ω = 0.
We choose
Ψ = b¯αn
α + ic¯αχ
α. (7)
Substituting (3) and (7) in (6) one obtains [15]:
Seff = q˙
sps + n˙
απα + c˙
αb¯α + b˙
αc¯α −H −
∑
n≥0
(n+ 1)nαn+1cαn · · · cα1U
(n)β1···βn
α1···αn+1 b¯βn · · · b¯β1
−παχ
α + ibαb¯α − b
α δχ
β
δnα
c¯β + i
∑
n≥0
cαn+1 · · · cα1{U
(n)β1···βn
α1···αn+1 , χ
γ}b¯βn · · · b¯β1 c¯γ . (8)
This action gives rise to the BRST extended effective action
Γeff (ψ) =W (J)− Jiψ
i,
δW (J)
δJi
= ψi(J). (9)
Let us obtain its symmetry transformations. (Following results can be found for instance in [15].)
The condition that some transformation is a symmetry of the effective action can be written as
δΓeff (ψ)
δψi
δψi = −Jiδψ
i = 0. (10)
Thus the Ward identities homogeneous on the sources are needed. They are immediately obtained
from the path integral (5). Due to the BRST invariance of the action Seff the change of variables
ψ′i → ψ′i +Ωiε, where Ωi(ψ) = {ψi,Ω}, in the first order in ε leads to the equality
JiΩ
i(ψ)|ψ→ h¯δ
iδJ
Z(J) = 0⇔ JiΛ
i = 0, (11)
where
Λi(ψ) = e−
i
h¯
W (J)Ωi(ψ)|ψ→ h¯δ
iδJ
e
i
h¯
W (J). (12)
The functional Λi(ψ) is just the quantum BRST transformation of the effective action. This result
means that the quantum transformation is a vacuum average of T–product of the classical one in the
external field, i.e.
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δ(q)ψi = 〈T {δψi|
ψ=ψˆ}〉J(ψ). (13)
(This result holds also in the BV formalism [14,18].) In this connection it is convenient to introduce
the following notation 〈f(ψ)〉 = 〈T {f(ψˆ)}〉J(ψ). Then one can write the simple equality
Λi(ψ) = 〈Ωi(ψ)〉. (14)
It is useful to emphasize that quantum corrections to the classical transformation arise from second
and higher derivatives of W (J).
III. THE QUANTUM GAUGE TRANSFORMATIONS
In the previous section we have obtained the global quantum symmetry of the effective action. To
find corresponding local transformations it is necessary to return to the physical fields at quantum
level.
It is easy to see (see for example [15]) that with the choice (7) the following conditions reduce (8)
to (1)
η = η¯ = 0, π = 0. (15)
The gauge transformations (2) are restored with help of δϕa = δ
δcα
{ϕa,Ω}εα, the conditions (15) and
δSeff
δb¯α
= 0. (The later condition must be used before differentiation over cα. Without it there is only
the weak invariance under independent transformations generated by Gα and πα.)
Having in mind this classical situation one can impose the conditions (15) on the average fields to
extract the gauge invariant effective action. Define
Γ = Γeff | η=η¯=0
pi=0
Λi(0) = [Λ
i]lg, (16)
where the subscript ”lg” means a linear on ghost part. From (3) and (14) one obtains the explicit
expressions:
Λ
(η)
(0) = 〈{η,Ω}+〉lg = 0, Λ
(c¯α)
(0) = 〈{c¯α,Ω}+〉lg = iπα,
Λ
(piα)
(0) = 〈{πα,Ω}〉lg = 0, Λ
(nα)
(0) = 〈{n
α,Ω}〉lg = −ib
α. (17)
The first equality is obtained due to conservation of the ghost number. Then the ”lg” part of (11)
with the condition π = 0 yields
δΓ(ϕ)
δϕa
Λ
(ϕa)
(0) = [J
α
(b¯)]lgΛ
(b¯α)
(0) . (18)
Evidently, [Jα
(b¯)
]lg = −
δ2Γeff
δcβδb¯α
|η=η¯=0c
β −
δ2Γeff
δbβδb¯α
|η=η¯=0b
β. So the condition [Jα
(b¯)
]lg = 0 can be viewed
as a connection of the parameters of local gauge transformations the role of which is played by ghosts
cα and bα. From (18) these transformations are found to be
δ(1)c z
A = Λ
(zA)
(1)αc
α, δ(1)c n
α = 0,
δ
(2)
b z
A = Λ
(zA)
(2)αb
α, δ
(2)
b n
α = −ibα, (19)
where
Λ
(zA)
(1)α =
δ
δcα
〈{zA,Ω}〉| η=η¯=0
pi=0
, Λ
(zA)
(2)α =
δ
δbα
〈{zA,Ω}〉| η=η¯=0
pi=0
. (20)
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Thus, provided [Jα
(b¯)
]lg = 0 ⇒ b
α = bα(c), Γ(ϕ) is the effective action invariant under the following
quantum gauge transformations
δ(q)ϕa = δ(1)ε ϕ
a + δ
(2)
b(ε)ϕ
a = Qaα(ϕ)ε
α. (21)
The closed expression for Qaα can be obtained from (19), (20), (3) and the expressions for ghost
propagators.
The analogy of the above mentioned weak invariance (i.e. the invariance under the transformations
(19)) comes again from (18). For existing of this symmetry Λ
(b¯α)
(0) should vanish. This can be done by
demanding
δΓ
δnα
+ i
δΓ
δzA
Λ
(zA)
(2)α = 0. (22)
The left–hand side of (22) is an analogy of the classical constraints Gα and (22) should be interpreted
as a weak equality. Note that in general case the contribution of q and p to this expression does not
vanish. So in some sense there is a mixing between the phase space variables qs, ps and the Lagrange
multipliers nα due to quantum effects.
Apart from the quantum gauge transformations (21) one can obtain other symmetry transformations
of the effective action. Let ja ≡ J(ϕa) are sources for the physical fields. Act by the operator
Tˆ β,...α,... = T
β,...
α,... (ϕ, π)|(ϕ,pi)→( h¯δ
iδj
, h¯δ
iδJ(pi)
) on the identity (11), take the ”lg” part and impose the conditions
π = 0 and [Jα
(b¯)
]lg = 0. Then we come to the following equation
ja
δ
δcλ
(
Tˆ β,...α,...Λ
(ϕa)
(0)
)
= ih¯
δ
δcλ
(
δTˆ β,...α,...
δϕa
Λ
(ϕa)
(0)
)
− i
δ[Jγ(c¯)]lg
δcλ
Tˆ β,...α,...πγ(j). (23)
The demand that the contraction of the right-hand side of (23) with some matrix Mλβ vanishes gives
rise to new symmetry transformations:
δϕa =Mλβ
δ
δcλ
(
Tˆ β,...α,...Λ
(ϕa)
(0)
)
εα = Q˜aα(ϕ)ε
α. (24)
Note that we cannot reject the last term in (23) because π is differentiated and the result is not
proportional to it. (Vanishing of π makes sources dependent and cannot be done before differentiation.)
Having in mind this remark one can clarify the sense of these additional transformations. If the
condition π = 0 is not hardly used for making the right–hand side of (23) zero differentiation with
respect to ja gives Q˜
a
α = −jb
δQ˜bα
δja
. Thus new transformations are ”trivial” ones vanishing on mass
shell. Nevertheless, as we shall see, they play a certain role.
Finally, let us discuss the algebra of the quantum gauge transformations. Here we cannot give any
positive result and we are compelled to restrict ourselves to general description of the situation. For
derivation of the algebra one should consider
Qbα
δ
δϕb
Qaβ −Q
b
β
δ
δϕb
Qaα, (25)
where Qaα is some quantum average. On the other hand to extract the classical algebra, which is
first approximation for the quantum algebra, it is necessary to write down the expression (25) as one
quantum average. It can be done but the average of the classical commutator will be only one of
many arising terms. So the quantum algebra will be a deformation of the classical one. However in
contrast with the usual deformed symmetries, where the algebra is closed in its enveloping algebra,
there are additional ”trivial” symmetries which can contribute to (25). Of course, on mass shell they
must disappear. The situation is similar for the quantum BRST transformation. There is no reason
for it to be nilpotent.
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IV. BACKGROUND GAUGES
Now we introduce in the formalism background fields. It can be done in two ways. First, one can
split the quantum fields ψ into the classical part F and quantum fluctuations. Second, one can take the
gauge fixing function dependent on them. We shall not go by the first way for the following reason.
It implies that quantum fluctuations are small in some sense and one can demand their vanishing
as an invariant condition under gauge transformations. As a result the gauge invariant effective
action depending only on background fields can be obtained. In our case however after subtraction of
the classical part from an average field the result will not be transformed homogeneously under the
quantum gauge transformations and the onefield construction fails.
Thus we work with the full average fields ψ and dependence on the background fields F comes only
from the function Ψ. The effective action is a functional of variables of two types, one of them playing
a role of external parameters. Since the above–stated considerations don’t depend on presence of such
parameters the effective action is still invariant under (14) or (21).
It is proved that the presence of background fields gives rise to a new local symmetry including
their transformations. Namely, any variation of the background fields can be compensated by an
appropriate transformation of the average fields. Indeed, a variation δF leads to
δW (J,F) =
i
h¯
〈{δΨ(ψ,F),Ω}+〉. (26)
On the other hand the BRST transformation of integrated variables in 〈δΨ〉 gives
〈{δΨ,Ω}〉 =
i
h¯
〈JiΩ
iδΨ〉. (27)
Comparing these two equality, it is easy to see that the effective action is invariant under the following
transformations
δF i = εi, δψi =
i
h¯
〈{ψi,Ω}
δΨ
δF j
〉ǫj = Λ
(F)i
j ε
j. (28)
Now one can return to the physical sector of the theory. For this nullify all ghosts and π in the
symmetry equation for Γeff . Then one obtains
δΓ(ϕ,F)
δFa
+
δΓ(ϕ,F)
δϕb
Q(F)ba = 0, (29)
where Q
(F)b
a = Λ
(F)b
a | η=η¯=0
pi=0
and throughout background fields are introduced for the physical fields
only. This identity means that the gauge invariant effective action possesses the additional local
symmetry
δF i = εi, δϕa = Q
(F)a
b ε
b. (30)
As a result we have the set of local symmetries of Γ: the quantum gauge transformations (21), the
”trivail” symmetries (24) and the transformations induced by background fields (30). Since any their
linear combination is also a symmetry transformation, one can try to find such combination which
has some standard form, for example, classical one. It is clear that it cannot be achieved without use
of background fields. So it is natural to consider the gauge transformations of the following kind
δFa = Gaα(F)ε
α, δϕa =
(
Q
(F)a
b G
b
α(F) +Q
a
βX
β
α(ϕ,F) + Qˆ
a
βY
β
α (ϕ,F)
)
εα = Q(tot)aα ε
α. (31)
As we shall see it is possible for the case of the Yang–Mills theory to find the coefficients Xβα , Y
β
α (and
the function Ψ), which reduce (31) to the classical gauge transformation, what reproduces known
DeWitt’s result in our formalism. For more general rank one theories the natural generalization also
is possible.
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V. RANK ONE THEORY
let us consider the rank one theory in which the structure functions U (n) vanish for n ≥ 2 and the
expansion of the BRST invariant Hamiltonian contains only two terms (4). Choose the gauge fixing
function in the form (7) with
χα =
α
2
(γ(F)−1)αβπβ + ∂tn
α + ξα(ϕ,F). (32)
Then the equation (8) reads
Seff = S(q, p, n)−
α
2
(γ−1)αβπαπβ − παξ
α + c˙αb¯α + ib
αb¯α − b
α δξ
β
δnα
c¯β
−cαV βα b¯β + c
αnγCβαγ b¯β + ic
α{Gα, ξ
β}c¯β +
i
2
cαcβ{Cγαβ , ξ
λ}b¯γ c¯λ. (33)
Integration over b, b¯ and π in (5) gives
Z(j, Jpi, J
η, Jη) =
∫
DϕDπDcDc¯ exp
{ i
h¯
(
S(ϕ) +
1
2α
γαβ(ξ
α − Jα(pi))(ξ
β − Jβ(pi)) + j
aϕa
+ic¯βF
β
α c
α + (J (c)α + iJ
(b)
β (δ
β
α∂t + n
γCβαγ − V
β
α ))c
α − c¯β(J
β
(c¯) − i
δξβ
δnα
Jα(b¯))
+iJ (b)α J
α
(b¯)+
1
2
J (b)γ c¯λ{C
γ
αβ , ξ
λ}cαcβ +
1
2
δξδ
δnγ
c¯δ c¯λ{C
γ
αβ , ξ
λ}cαcβ
)}
, (34)
where
F βα = {ξ
β, Gα}+
δξβ
δnγ
(δγα∂t + n
λC
γ
αλ − V
γ
α ) =
δξβ
δϕa
Gaα (35)
and we omit factors dependent only on background fields since they are canceled by normalization.
Impose the conditions on the gauge: {Cγαβ , ξ
λ} δξ
δ
δnγ
= 0 and δξ
α
δnβ
does not depend on ϕ. Due to this
the term of fourth order in ghosts in (34) disappears and we can find expressions for the quantum
gauge transformations without ghosts. Note that from (34) it follows
cα = −i〈(F−1)αβ(J
β
(c¯) − i
δξβ
δnγ
J
γ
(b¯)
+
1
2
{Cλγδ, ξ
β}cγcδJ
(b)
λ )〉lg = −i[J
β
(c¯) − i
δξβ
δnγ
J
γ
(b¯)
]lg〈(F
−1)αβ〉0. (36)
Here we introduced the notation 〈·〉0 ≡ 〈·〉|η=η¯=0. With this equality one obtains
Λ
(zA)
(0) = 〈c
α{zA, Gα}+
1
2
cαcβ{zA, Cγαβ}b¯γ〉lg = −i[J
β
(c¯) − i
δξβ
δnγ
J
γ
(b¯)
]lg〈(F
−1)αβ{z
A, Gα}〉0
−
1
2
[
e−
i
h¯
W {zA, Cγαβ}|ϕ→ h¯δiδj
h¯δ
iδJ
γ
(b¯)
(F−1)ατ (J
τ
(c¯) − i
δξτ
δnλ
Jλ(b¯))(F
−1)βσ(J
σ
(c¯) − i
δξσ
δnδ
Jδ(b¯))e
i
h¯
W
]
lg
=
(
〈(F−1)γβ{z
A, Gγ}〉0 − ih¯〈(F
−1)γβ{z
A, Cτγλ}(F
−1)λσ〉0
δξσ
δnτ
)(
〈F−1〉−10
)β
α
cα (37)
Λ
(nα)
(0) = −ib
α = 〈(δαβ ∂t + n
γCαβγ − V
α
β )c
β〉lg +
[
Jα(b¯) −
i
2
〈c¯λ{C
α
βγ , ξ
λ}cβcγ〉
]
lg
=
[Jα
(b¯)
]lg=0
(
〈(F−1)γβ(δ
α
γ ∂t + n
λCαγλ − V
α
γ )〉0 − ih¯〈(F
−1)γβ{C
α
γλ, ξ
σ}(F−1)λσ〉0
) (
〈F−1〉−10
)β
τ
cτ (38)
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Since the condition [Jα
(b¯)
]lg = 0 was not used in (37) we have Λ
(zA)
(2)α = 0. So in this case there is no a
mixing between the Lagrange multipliers and the phase space variables, and the weak invariance of
the effective action is guaranteed by the standard equation δΓ
δnα
= 0. This is a direct consequence of
the above imposed conditions on the gauge fixing function.
The transformations (37), (38) can be incorporated into one expression:
Qaα =
(
〈(F−1)γβG
a
γ〉0 − ih¯〈(F
−1)γβ{ϕ
a, Cτγλ}(F
−1)λσ〉0
δξσ
δnτ
+ih¯〈(F−1)γβ{ξ
σ,
δGaγ
δnλ
}(F−1)λσ〉0
)(
〈F−1〉−10
)β
α
=
(
〈(F−1)γβG
a
γ〉0 − ih¯〈(F
−1)γβ
δ
δnλ
(
{ϕa, F σγ } − {ξ
σ, Gaγ}
)
(F−1)λσ〉0
)(
〈F−1〉−10
)β
α
. (39)
To obtain the ”trivial” gauge transformations let us take
T βα (ϕ, π) = −
α
2
(
Cβαγ(F)(γ
−1)γλ − (γ−1)βγCλαγ(F)
)
πλ, M
λ
β = 〈(F
−1)λβ〉0. (40)
It is easy to see that due to (36) the contraction of the right–hand side of (23) with M vanishes. Thus
the ”trivial” gauge transformations are given by
Q˜aα =
1
2
(
〈(F−1)γβG
a
γ(ξ
ρ − Jρ(pi))〉0 − ih¯〈(F
−1)γβ
δ
δnλ
(
{ϕa, F σγ } − {ξ
σ, Gaγ}
)
(F−1)λσ(ξ
ρ − Jρ(pi))〉0
)
×
(
Cβαρ(F)− (γ
−1)βτCδατ (F)γδρ
)
=
1
2
(
〈(F−1)γβG
a
γξ
ρ〉0 − ih¯〈(F
−1)γβ
δ
δnλ
(
{ϕa, F σγ } − {ξ
σ, Gaγ}
)
(F−1)λσξ
ρ〉0
)
×
(
Cβαρ − (γ
−1)βτCδατγδρ
)
−
1
2
Qaγ〈(F
−1)γβ〉0
(
Cβαρ − (γ
−1)βτCδατγδρ
)
〈ξρ〉0. (41)
In the last equality the condition πα =
1
α
γαβ(J
β
(pi) − 〈ξ
β〉) = 0 was used.
The transformations induced by background fields are found from (28) to be
Q
(F)a
b =
1
h¯
〈
{ϕa,Ω}c¯β
(
α
2
(γ−1)βτ
δγτσ
δFb
(γ−1)σλπλ −
δξβ
δFb
)〉
0
= −
〈
(F−1)γβG
a
γ
(
1
2
(γ−1)βτ
δγτλ
δFb
(ξλ − Jλ(pi)) +
δξβ
δFb
)〉
0
+ih¯
〈
(F−1)γβ
δ
δnλ
(
{ϕa, F σγ } − {ξ
σ, Gaγ}
)
(F−1)λσ
(
1
2
(γ−1)βτ
δγτρ
δFb
(ξρ − Jρ(pi)) +
δξβ
δFb
)〉
0
(42)
Let the following covariance conditions are satisfied:
δγαβ
δFa
Gaγ(F) = −γβλC
λ
γα(F)− γαλC
λ
γβ(F), (43)
δξα
δϕa
Gaβ(ϕ) +
δξα
δFa
Gaβ(F) = C
α
βγ(F)ξ
γ . (44)
The later is a generalization of the well known condition for the gauge fixing function for the Yang–
Mills theory. It does not look very natural, but just it gives the more or less natural expression for
the symmetry transformation of the effective action. ¿From (42), (39) and (41) we have
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Q
(F)a
b G
b
α(F) =
〈(
(F−1)γβG
a
γ − ih¯(F
−1)γβ
δ
δnλ
(
{ϕa, F σγ } − {ξ
σ, Gaγ}
)
(F−1)λσ
)
×
(
δξβ
δϕb
Gbα −
1
2
(
Cβαρ(F)− (γ
−1)βτCδατ (F)γδρ
)
ξρ +
1
2
(γ−1)βτ
δγτρ
δFb
〈ξρ〉0
)〉
0
= 〈Gaα〉0 − ih¯〈
δ
δnλ
(
{ϕa, F βα } − {ξ
β , Gaα}
)
(F−1)λβ〉0 − Q˜
a
α −Q
a
β〈(F
−1)βγ 〉0C
γ
αλ〈ξ
λ〉0. (45)
Thus if we shall choose in (31) Xβα = 〈(F
−1)βγ 〉0C
γ
αλ〈ξ
λ〉0 and Y
β
α = δ
β
α then the total quantum gauge
transformation reads
Q(tot)aα = 〈G
a
α〉0 − ih¯〈
δ
δnλ
(
{ϕa, F βα } − {ξ
β , Gaα}
)
(F−1)λβ〉0. (46)
In the case of the Yang–Mills theory the second term is absent, and since Gaα is linear in the fields
the quantum transformation is reduced to the classical one: Q
(tot)a
α = Gaα, i.e. Γ(ϕ,F) is the classically
gauge invariant effective action. In more general case the natural generalization is Q
(tot)a
α = 〈Gaα〉0,
that corresponds to the case of a global symmetry (14). This result can be achieved by vanishing
of the second term. One needs two additional conditions on the gauge fixing function: δξ
α
δnβ
= 0
and {ξα, Cλβγ} = 0. They are very strong if the structure constants depend on all coordinates and
momenta. As example of such theory the Ashtekar gravity can be pointed out [19]. On the other
hand in the ADM gravity [20] the conditions forbid gauges on momenta only.
It may seem that the second term in (46) vanishes due to a renormalization procedure. If all
operators are local the contraction of λ and β would result in appearance of δ(0), which in the
dimensional regularization should be put zero. However the presence of the ghost propagator (F−1)λβ
can give rise to nonlocality and the reasoning fails.
Finally we consider the problem of δ–gauges, i.e. gauges leading to δ–functions. They are obtained
from (32) in the limit α −→ 0. It is easy to see that in this limit the effective action is also invariant
under the transformations (46) under the same conditions on the gauge fixing function ξα. However
the question can arise: does the propagator δ
2W
δJδJ
remain non-degenerate? Note that the argument of
δ–function is always nonhomogeneous due to appearance of J(pi). Its presence is meaningful since just
it guarantees non-degeneracy. So the limit to δ–gauge is well defined.
It opens new possibilities for simplification of the quantum gauge transformations. Using δ–gauges
one can make the ghost propagator F βα independent on fields. Then provided the second term in (39)
vanishes we come to Qaα = 〈G
a
α〉0, that gives the classical symmetry for the Yang–Mills theory without
use of background fields. In this case the result can be achieved with help of such noncovariant gauges
as ξ = A3 or ξ = A0 (here Aµ is the gauge potential).
VI. CONCLUSIONS AND DISCUSSION
In this article we have considered symmetry properties of the effective action for general gauge
theories. By taking as a basis the Hamiltonian BRST formalism and the path integral quantization
we have found the quantum gauge transformations in terms of quantum averages. Moreover there
are additional symmetry transformations of the effective action: the ”trivial” symmetries, which
vanish on mass shell, and the gauge transformations induced by background fields. (We don’t identify
background fields with average fields so that the effective action is a functional of these two variables.)
Finally we have shown that combining all these symmetries one can obtain more simple form of the
transformations. For example, for the rank one theory under some conditions on the gauge fixing
function the gauge transformations are represented as an average of the classical ones. For Yang–
Mills theory, in which the gauge transformations are linear in the fields, it gives the classical result
for the quantum symmetry also.
Unfortunately this generalization for the rank one theory is very weak because of the covariance
conditions (44). Their solution is a problem and, may be, the result isn’t worth the efforts. As we
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have seen this is only the attempt to find some simple form of the symmetry, so there is no need to
introduce new difficulties. On the other hand this formalism translates the problem of search for the
(classically) invariant effective action to the problem of solving of equations.
We did not concern of the renormalization problem. It becomes complicated due to that composite
operators enter into expressions for the quantum gauge transformations. However this is the standard
difficulty for investigations which deal with the Ward identities. So we suppose that in real calculations
all expressions should be renormilized taking into account a mixing of operators.
Of course, such calculations should be carried out with help of expansion in h¯. Each order together
with previous ones gives restrictions to the corresponding order of expansion of the effective action.
It is worth to notice that the first nontrivial correction to the classical transformations is fully defined
by the classical action since it is proportional ∼ h¯ δ
2W
δJδJ
∼ h¯
(
δ2Γ
δψδψ
)−1
∼ h¯
(
δ2S
δψδψ
)−1
.
The consideration of this article can be translated to the Lagrangian BV formalism. The proof
of its equivalence to the Hamiltonian BFV formalism can be found for instance in [21]. Within this
framework all symmetry properties of the effective action are contained in the Zinn–Justin equation
[22] (Γ,Γ) = 0, where ( , ) is the antibracket and Γ is a functional of fields and antifields [11,14,15].
Since it has the same form as the classical master equation (S, S) = 0 one can define a BRST structure
associated with Γ [23]. However there are small difficulties similar to difficulties in the Hamiltonian
approach. Whereas for the proper solution S ghost number considerations allow to conclude that S0
is the local invariant classical action, we cannot maintain this for Γ0. (Here the subscript 0 means
vanishing all ghosts and antifields.) This is bacause in the quantum case to fix the gauge we must
introduce auxilary fields. The antifield C¯α∗ for one of them has ghost number zero [14]. So Γ0 will be
local invariant only on the surface
(
∂Γ
∂C¯α∗
)
0
= 0. It should be viewed as an equation on the auxilary
field π¯α which plays a role of momentum conjugated to Lagrange multiplier and has ghost number
zero. This corresponds to necessity of removal all auxilary fields and gives the concret way for this.
Our choice of the Hamiltonian formalism is connected to wish to avoid the problem of solution of the
quantum master equation [11,14,15]. However notice that in BV approach the quantum algebra may
be simpler then in our case [8,13].
Another progress can be connected with an application of quantum groups. It is just the structure
that should manage the quantum symmetry that is a deformation of the classical one.
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